











































































































Lecturers
We'll start by defining the order of an element

Definition Let G be a group and ke
2 The

element ake G is defined by

Ao Ao A R 70

AK Fines 12 0e

a a no

Exercise Laws of exponents hold in a group

Let G be a group AE G and n m C 21 Prove

that an.am an 1M and ah a n La yn

We now make the following definition














































































































Def Order of an element
Let G be a group and

a C G The order of a

denoted by ord a is the smallest positive

integer k such that akee If there is no

such k 21 then we say
cord a a

F Consider U 12 I 5 Fill Then

5 25 1 mod 12 and 2 is the smallest

positive integer with this property
So

Ord 5 2

Consider Dy and HE Da
Then HE can

be seen as
AD C BA BH IT Is IT Ro

I l
I A D C

So Ord H 2 H2

In 2 t any non zero element has

order



Exampleseoutinued

Permutationorsymmetricgroupse

Let's look at another important set of
examples called the permutation or the

symmetric groups denoted by Sr Anza
Even though we can define Sn forevery
n 22 here we'll only focus on Sg
the first interesting case and will

come back to their study in depth later

first a definition



Definition Let B be a non empty set

A permutation of B is a function from
B to B which is a bijection i e it

is both one to one and onto

Even though the notion of permutation
makes sense for an infinite set B here
we'll focus on the case when Boisfinite
so for convenience we can take

B 42 n g it has n elements

So j B I 2,3 4 for instance then

one possible permutation of B could
be the function a B B given by
d L 2 2123 3 d 3 4 and d 4 L

or a function B given by



BG 3 BC2 2 B 33 4 and

fb 4 L

So you can see that there can be

many permutations on a set

Thegroup
Now let B 42,33 and

let Sy denote the set of all fermut
atoms on B Then Sz is a group
called the symmetric or permutation

group
on 3 letters

So there are two questions
1 What is the group operation
2 How many elements does 53 have
and what are they



To answer the first question Observe

that Sz is the set of functions from
B B and j we want Ss to be a

group so the operation must take two

functions and return a seagle function
So there is an obvious operation on

functions composition of two functions
and this is the group operation

on Sz
So one can ask how does this

operation works on Sz For that we'll

have answer the second question

First let's see how many elements
can have o



if we have any bijection
on L 2,33 then we know that

the element I has a total of three
choices to be mapped to 1,2 or 3 Once

1 is mapped to an element 2 has now

two choices only as the function must
be one to one Once 2 has been

mapped then 3 now has only one

choice
So total we have 3 2.1 31 6

choices for a function on 42,3 to

be bijection and so has 6 elements

Remarky In fact Sn has n elements

Now the question is that what are

the elements of Sz



One obvious element 8 the function
C L 2,3 Li 213 given by

C L L E 2 2 and E C33 3

Another way to write this function

c L 3 3
where the top row should be conside

red as elements of B in the domain

and the bottom row is the co domain
So the above array is telling us that

I I 2 2 and 3 3

Let's consider another element of Ss
d B B d L 2 2123 3 and a 3 L

which in the array form can be written

as



a I 3
Now y de Sz and Sz is a group
then d d must be in Sz

Since the group operation 8 the compo

sition of functions D

22 2.2 32

What about 23 d d d 3 3 33

which is the same as C and so it's

not a new element

Another element of Sz is
A l's 3

Again d B c Sz because Sz is a group



and for finding a B we recall that

in the composition of two functions
we move from reght to left i.e first
apply B then Q So

a B I 33

which is a new element

finally B a f b 3 which is

again a new element and so we got
all the elements of the group and so

Sz E d B d AB B a

Observe that d 13 f Bod so 53 is

non abelian

Remarky One can ask that after finding
f we did a p Why didn't we do d p



Exercise check that 22.13 B.a

Before moving on let's make a

definition
Definition order of a group

Let G o be a group The orderof
the group G denoted by 1Gt is the

number of elements Ew the group
e g order of Z t is infinite

IDial 8

1531 6

NewgroupsfromoldDirectproductofgrouI
Given two groups G and H we can form

a new group called the direct product



or external direct product

Definition let G o and CH be

groups The direct product of G and H
is defined as the group GxH o where

GxH g h g c G he H

and g h gz.kz 9,092 h ha

F g 92 E G and hi ha C H

Exercise prove that GxH 8 a group

O
x x O


